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FILIFORM LIE ALGEBRAS OF ORDER 3
R.M. NAVARRO
Abstract. The aim of this work is to generalize a very important type of Lie
algebras and superalgebras, i.e. filiform Lie (super)algebras, into the theory of
Lie algebras of order F . Thus, the concept of filiform Lie algebras of order F
is obtained. In particular, for F = 3 it has been proved that by using infini-
tesimal deformations of the associated model elementary Lie algebra it can be
obtained families of filiform elementary lie algebras of order 3, analogously as
that occurs into the theory of Lie algebras (Vergne, 1970). Also we give the
dimension, using an adaptation of the sl(2,C)-module Method, and a basis of
such infinitesimal deformations in some generic cases.
1. Introduction
The identification and classification of Lie algebras have had important appli-
cations to the study of symmetries in physics. Nowadays such symmetries are not
limited to the geometrical ones of space-time, arising thus the concept of supersym-
metry and consequently Lie superalgebra. Among others, the possible generaliza-
tions of Lie superalgebras that have been proven to be physically relevant are color
Lie superalgebras ([13], [14], [15], [18]) and Lie algebras of order F ([20], [21], [7]).
In this paper we shall consider Lie algebras of order F , that constitute the under-
lying algebraic structure associated to fractional supersymmetry ([4], [5], [16], [17]),
(note that a different point of view can be seen in [9]). Thus, Lie algebras of order
3 (or more generally Lie algebras of order F ) were introduced as a possible gener-
alisation of Lie superalgebras, in order to implement non-trivial extensions of the
Poincare´ symmetry which are different than the usual supersymmetric extension. In
particular, a Lie algebra of order F admits a ZF -grading, g = g0⊕g1⊕g2 · · ·⊕gF−1
with the zero-graded part being a complex Lie algebra, and it also admits an F -fold
symmetric product SF (gi), 1 ≤ i ≤ F − 1.
In this paper our goal is to generalize the concept of filiform Lie (super)algebras
into the theory of Lie algebras of order F . We obtain thus, the notion of filiform
Lie algebras of order F .
The concept of filiform Lie algebras was firstly introduced in [22] by Vergne.
This type of nilpotent Lie algebra has important properties; in particular, every
filiform Lie algebra can be obtained by a deformation of the model filiform algebra
Ln. In the same way as filiform Lie algebras, all filiform Lie superalgebras can be
obtained by infinitesimal deformations of the model Lie superalgebra Ln,m [1], [6]
and [12].
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In this paper we generalize this concept obtaining filiform Lie algebras of order
F and the model filiform Lie algebra of order 3. We have proved that by using
infinitesimal deformations of the associated model elementary Lie algebra it can be
obtained families of filiform elementary lie algebras of order 3 (see Theorem 2).
For some generic cases (see Theorems 3 and 4) we have given the dimension and
a basis of the mentioned infinitesimal deformations. For to do that we have used
an adaptation of the sl(2,C)-module Method. Also, we have given some properties
of the algebraic variety of elementary Lie algebras of order 3.
We do assume that the reader is familiar with the standard theory of Lie algebras.
All the vector spaces that appear in this paper (and thus, all the algebras) are
assumed to be C-vector spaces with finite dimension.
2. Preliminaries
The vector space V is said to be ZF−graded if it admits a decomposition in
direct sum, V = V0 ⊕ V1 ⊕ · · ·VF−1, with F ∈ N∗. An element X of V is called
homogeneous of degree γ (deg(X) = d(X) = γ), γ ∈ ZF , if it is an element of Vγ .
Let V = V0 ⊕ V1 ⊕ · · ·VF−1 and W = W0 ⊕ W1 ⊕ · · ·WF−1 be two graded
vector spaces. A linear mapping f : V −→ W is said to be homogeneous of degree
γ (deg(f) = d(f) = γ), γ ∈ ZF , if f(Vα) ⊂ Wα+γ(mod F ) for all α ∈ ZF . The
mapping f is called a homomorphism of the ZF−graded vector space V into the
ZF−graded vector space W if f is homogeneous of degree 0. Now it is evident how
we define an isomorphism or an automorphism of ZF−graded vector spaces.
A superalgebra g is just a Z2−graded algebra g = g0 ⊕ g1, [10] and [19]. That
is, if we denote by [ , ] the bracket product of g, we have [gα, gβ ] ⊂ gα+β(mod2) for
all α, β ∈ Z2.
Definition 2.1. Let g = g0⊕g1 be a superalgebra whose multiplication is denoted
by the bracket product [ , ]. We call g a Lie superalgebra if the multiplication
satisfies the following identities:
1. [X,Y ] = −(−1)α·β[Y,X ] ∀X ∈ gα, ∀Y ∈ gβ .
2. (−1)γ·α[X, [Y, Z]] + (−1)α·β [Y, [Z,X ]] + (−1)β·γ [Z, [X,Y ]] = 0
for all X ∈ gα, Y ∈ gβ, Z ∈ gγ with α, β, γ ∈ Z2.
Identity 2 is called the graded Jacobi identity and it will be denoted by Jg(X,Y, Z).
We observe that if g = g0 ⊕ g1 is a Lie superalgebra, we have that g0 is a Lie
algebra and g1 has structure of g0−module.
Next we recall the definition and some basic properties of Lie algebras of order
F introduced in [20], [21] and [7].
Definition 2.2. [3] Let F ∈ N∗. A ZF -graded C-vector space g = g0⊕g1⊕g2 · · ·⊕
gF−1 is called a complex Lie algebra of order F if the following hold:
(1) g0 is a complex Lie algebra.
FILIFORM LIE ALGEBRAS OF ORDER 3 3
(2) For all i = 1, . . . , F −1, gi is a representation of g0. If X ∈ g0, Y ∈ gi, then
[X,Y ] denotes the action of X ∈ g0 on Y ∈ gi for all i = 1, . . . , F − 1.
(3) For all i = 1, . . . , F − 1, there exists an F -Linear, g0-equivariant map,
{· · · } : SF (gi) −→ g0, where SF (gi) denotes the F -fold symmetric product
of gi.
(4) For all Xi ∈ g0 and Yj ∈ gk, the following “Jacobi identities” hold:
(2.2.1) [[X1, X2], X3] + [[X2, X3], X1] + [[X3, X1], X2] = 0.
(2.2.2) [[X1, X2], Y3] + [[X2, Y3], X1] + [[Y3, X1], X2] = 0.
(2.2.3) [X, {Y1, . . . , YF }] = {[X,Y1], . . . , YF }+ · · ·+ {Y1, . . . , [X,YF ]}.
(2.2.4)
F+1∑
j=1
[Yj , {Y1, . . . , Yj−1, Yj+1, . . . , YF+1}] = 0.
Remark 2.3. We observe that a Lie algebra of order 1 it is just a Lie algebra and
a Lie algebra of order 2 it is a Lie superalgebra. Thus, Lie algebras of order F can
be seen as a generalization of Lie algebras and superalgebras.
Proposition 2.4. [3] Let g = g0⊕g1⊕· · ·⊕gF−1 be a Lie algebra of order F , with
F > 1. For any i = 1, . . . , F − 1, the subspaces g0 ⊕ gi inherits the structure of a
Lie algebra of order F . We call these type of algebras elementary Lie algebras
of order F .
We will restrict our study to elementary Lie algebras of order 3, g = g0 ⊕ g1.
Examples of elementary Lie algebras of order 3 can be seen in [7].
Definition 2.5. A representation of an elementary Lie algebra of order F is a
linear map ρ : g = g0 ⊕ g1 −→ End(V ), such that for all Xi ∈ g0, Yj ∈ g1,
ρ([X1, X2]) = ρ(X1)ρ(X2)− ρ(X2)ρ(X1)
ρ([X1, Y2]) = ρ(X1)ρ(Y2)− ρ(Y2)ρ(X1)
ρ{Y1, . . . , YF } =
∑
σ∈SF
ρ(Yσ(1)) · · · ρ(Yσ(F ))
SF being the symmetric group of F elements.
By construction, the vector space V is graded V = V0 ⊕ · · · ⊕ VF−1, and for all
a = {0, . . . , F − 1}, Va is a g0-module. Further, the condition ρ(g1)(Va) ⊆ Va+1
holds.
3. Filiform Lie algebras of order F
In this section we will focus our study in generalize a very important type of
nilpotent Lie algebras, i.e. filiform Lie algebras obtaining the notion of filiform Lie
algebras of order F .
To do that we will star with a previous concept “filiform module”.
Definition 3.1. Let g = g0⊕g1⊕· · ·⊕gF−1 be a Lie algebra of order F . gi is called
a g0-filiform module if there exists a decreasing subsequence of vector subspaces
in its underlying vectorial space V , V = Vm ⊃ · · · ⊃ V1 ⊃ V0, with dimensions
m,m− 1, . . . 0, respectively, m > 0, and such that [g0, Vi+1] = Vi.
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Definition 3.2. Let g = g0 ⊕ g1 ⊕ · · · ⊕ gF−1 be a Lie algebra of order F . Then g
is a filiform Lie algebra of order F if the following conditions hold:
(1) g0 is a filiform Lie algebra.
(2) gi has structure of g0-filiform module, for all i, 1 ≤ i ≤ F − 1
From now on we will restrict our study to F = 3. Thus, if we take an ho-
mogeneous basis {X0, . . . , Xn, Y1, . . . , Ym, Z1, . . . , Zp} of a Lie algebra of order 3
g = g0 ⊕ g1 ⊕ g2 with Xi ∈ g0, Yj ∈ g1 and Zk ∈ g2, then the Lie algebra of order
3 will be completely determined by its structure constants, that is, by the set of
constants {Ckij , D
k
ij , E
k
ij , F
k
ijl, G
k
ijl}i,j,l,k that verify

[Xi, Xj ] =
n∑
k=0
CkijXk, 0 ≤ i < j ≤ n,
[Xi, Yj ] =
m∑
k=1
DkijYk, 0 ≤ i ≤ n, 1 ≤ j ≤ m,
[Xi, Zj] =
p∑
k=1
EkijZk, 0 ≤ i ≤ n, 1 ≤ j ≤ p,
{Yi, Yj , Yl} =
n∑
k=0
F kijlXk, 1 ≤ i ≤ j ≤ l ≤ m,
{Zi, Zj , Zl} =
n∑
k=0
GkijlXk, 1 ≤ i ≤ j ≤ l ≤ p,
with
Ckij = −C
k
ji, D
k
ij = −D
k
ji, E
k
ij = −E
k
ji
F kijl = F
k
ilj = F
k
jil = F
k
lij = F
k
jli = F
k
lji
Gkijl = G
k
ilj = G
k
jil = G
k
lij = G
k
jli = G
k
lji
By the Jacobi identity we would have some polynomial equations that the struc-
ture constants have to verify. All these equations give to the set of Lie algebras of
order 3, denoted by Ln,m,p, the structure of algebraic variety.
We denote by Fn,m,p the subset of Ln,m,p composed of all filiform Lie algebras
of order 3.
If we consider A = (g0 ∧ g0) ⊕ (g0 ∧ g1) ⊕ (g0 ∧ g2) ⊕ S
3(g1) ⊕ S
3(g2) and the
multiplication of the Lie algebra of order 3 g = g0 ⊕ g1 ⊕ g2 as the linear map
ψ = (ψ1, ψ2, ψ3, ψ4, ψ5) : A −→ g where,
ψ1 : g0 ∧ g0 −→ g0, ψ2 : g0 ∧ g1 −→ g1, ψ3 : g0 ∧ g2 −→ g2,
ψ4 : S
3(g1) −→ g0, and ψ5 : S
3(g2) −→ g0.
Usually ψ1, ψ2 and ψ3 are represented by [, ], and ψ4 and ψ5 by {, , }. If we
consider the action of the group GL(n + 1,m, p) ∼= GL(n + 1) × GL(m) × GL(p)
on Ln,m,p we would have the following action with (f0, f1, f2) ∈ GL(n+ 1,m, p)
(f0, f1, f2)(ψ1, ψ2, ψ3, ψ4, ψ5) −→ (ψ
′
1, ψ
′
2, ψ
′
3, ψ
′
4, ψ
′
5),
where
ψ′1(X1, X2) = f
−1
0 ψ1(f0(X1), f0(X2)), ψ
′
2(X1, Y2) = f
−1
1 ψ2(f0(X1), f1(Y2)),
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ψ′3(X1, Z2) = f
−1
2 ψ3(f0(X1), f2(Z2)), ψ
′
4(Y1, Y2, Y3) = f
−1
0 ψ4(f1(Y1), f1(Y2), f1(Y3)),
and ψ′5(Z1, Z2, Z3) = f
−1
0 ψ5(f2(Z1), f2(Z2), f2(Z3)).
The group GL(n + 1,m, p) can be embedded in GL(n + 1 +m + p) and it can
be seen as the subgroup of GL(n+ 1 +m+ p) which let the subspaces g0, g1 and
g2 invariant. If we denote by Oψ the orbit of ψ = (ψ1, ψ2, ψ3, ψ4, ψ5) with respect
to this action, then the algebraic variety Ln,m,p is fibered by theses orbits. The
quotient set is the set of isomorphism classes of (n + 1 + m + p)-dimensional Lie
algebras of order 3.
Prior to studying general classes of Lie algebras of order 3 it is convenient to solve
the problem of finding a suitable basis; a so-called adapted basis. This question is
not trivial for Lie algebras of order 3 and it is very difficult to prove the general
existence of such a basis. However, for the class of filiform Lie algebras of order 3,
analogously as for “filiform color Lie superalgebras” [13], it can be obtained that
there always exists an adapted basis. Thus we have the following result.
Theorem 1. (Adapted basis) Let g = g0 ⊕ g1 ⊕ g2 be a Lie algebra of order 3.
If g is a filiform Lie algebra of order 3, then there exists an adapted basis of g,
namely {X0, . . . , Xn, Y1, . . . , Ym, Z1, . . . , Zp} with {X0, X1, . . . , Xn} a basis of g0,
{Y1, . . . , Ym} a basis of g1 and {Z1, . . . , Zp} a basis of g2, such that:

[X0, Xi] = Xi+1, 1 ≤ i ≤ n− 1,
[X0, Yj ] = Yj+1, 1 ≤ j ≤ m− 1,
[X0, Zk] = Zk+1, 1 ≤ k ≤ p− 1,
[Xi, Xj ] =
n∑
k=0
CkijXk, 1 ≤ i < j ≤ n,
[Xi, Yj ] =
m∑
k=1
DkijYk, 1 ≤ i ≤ n, 1 ≤ j ≤ m,
[Xi, Zj] =
p∑
k=1
EkijZk, 1 ≤ i ≤ n, 1 ≤ j ≤ p,
{Yi, Yj , Yl} =
n∑
k=0
F kijlXk, 1 ≤ i ≤ j ≤ l ≤ m,
{Zi, Zj , Zl} =
n∑
k=0
GkijlXk, 1 ≤ i ≤ j ≤ l ≤ p,
X0 will be called the characteristic vector.
Remark 3.3. We observe that for a g0-filiform module there exists a decreasing
subsequence of vector subspaces in its underlying vector space V , V = Vm ⊃ · · · ⊃
V1 ⊃ V0, with dimensions m,m−1, . . .0, respectively, and such that [g0, Vi+1] = Vi.
Thus, as g1 is a g0-filiform module this decreasing subsequence of vector subspaces
will be
< Y1, . . . , Ym >⊃< Y2, . . . , Ym >⊃ · · · ⊃< Ym >⊃ 0
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and for g2:
< Z1, . . . , Zm >⊃< Z2, . . . , Zm >⊃ · · · ⊃< Zm >⊃ 0
Remark 3.4. An adapted basis is composed by homogeneous elements.
Definition 3.5. The model filiform Lie algebra of order 3, called µ0, is the
simplest filiform Lie algebra of order 3. It will be defined in an adapted basis
{X0, X1, . . . , Xn, Y1, . . . , Ym, Z1, . . . , Zp} by the following non-null bracket products

[X0, Xi] = Xi+1, 1 ≤ i ≤ n− 1
[X0, Yj ] = Yj+1, 1 ≤ j ≤ m− 1
[X0, Zk] = Zk+1 1 ≤ k ≤ p− 1
We observe that all the structure constants Ckij , D
k
ij , E
k
ij , F
k
ijl and G
k
ijl that ap-
pear in the theorem of adapted basis are all of them equal to zero.
Examples. Other examples of filiform Lie algebras of order 3 distinct from the
model are easy to obtain. Thus,
1. µ1n,m,p is a family of non model filiform Lie algebras of order 3 and it can
be expressed in an adapted basis {X0, X1, . . . , Xn, Y1, . . . , Ym, Z1, . . . , Zp}
by the following non-null bracket and 3-bracket products
µ1n,m,p =


[X0, Xi] = Xi+1, 1 ≤ i ≤ n− 1
[X0, Yj ] = Yj+1, 1 ≤ j ≤ m− 1
[X0, Zk] = Zk+1 1 ≤ k ≤ p− 1
{Y1, Y1, Y1} = Xn
{Z1, Z1, Z1} = Xn
2. If m ≥ n then we have all a family of non model filiform Lie algebras of
order 3: µ2n,m,p that can be expressed in an adapted basis {X0, X1, . . . , Xn,
Y1, . . . , Ym, Z1, . . . , Zp} by the following non-null bracket and 3-bracket
products
µ2n,m,p =


[X0, Xi] = Xi+1, 1 ≤ i ≤ n− 1
[X0, Yj ] = Yj+1, 1 ≤ j ≤ m− 1
[X0, Zk] = Zk+1 1 ≤ k ≤ p− 1
{Y1, Y1, Y1} = 3X1
{Y1, Y1, Y2} = X2
{Y1, Y1, Y3} = X3
{Y1, Y1, Y4} = X4
...
{Y1, Y1, Yn} = Xn
From now on we are going to restrict our study to elementary Lie algebras of
order 3 due to its physicals applications.
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4. The algebraic variety of elementary Lie algebras of order 3
By the Jacobi identity we have some polynomial equations that the structure
constants hold. All these equations give to the set of elementary Lie algebras of
order 3 the structure of algebraic variety (analogously as for Lie algebras of order
3).
We denote by Ln,m the mentioned algebraic variety and by Fn,m the subset of
Ln,m composed of all filiform elementary Lie algebra of order 3.
Next, we are going to define some descending sequences of ideals.
Definition 4.1. Let g = g0 ⊕ g1 be an elementary Lie algebra of order 3. Then,
we define the descending sequences of ideals Ck(g0) and Ck(g1), as follows:
C0(g0) = g0, C
k+1(g0) = [g0, C
k(g0)], k ≥ 0
and
C0(g1) = g1, C
k+1(g1) = [g0, C
k(g1)], k ≥ 0
Using the descending sequences of ideals defined above we give an invariant of
elementary Lie algebras of order 3 called order-nilindex.
Definition 4.2. If g = g0 ⊕ g1 is an elementary Lie algebra of order 3, then g has
order-nilindex (p0, p1), if the following conditions holds:
Cp0−1(g0), C
p1−1(g1) 6= 0
and
Cp0(g0) = C
p1(g1) = 0
Remark 4.3. Note that are equivalent the definitions of “filiform” elementary Lie
algebras of order 3 and “maximal order-nilindex”, maximal in the sense of lexico-
graphic order. That is, if g = g0⊕ g1, with dim(g0) = n+1 and dim(g1) = m, is a
filiform elementary Lie algebra of order 3 then g has maximal order-nilindex (n,m)
and reciprocally.
We note byN p0,p1n,m the subset of Ln,m composed of all the elementary Lie algebras
of order 3 with order-nilindex (r, s) where r ≤ p0 and s ≤ p1.
Proposition 4.4. N p0,p1n,m is an algebraic subvariety of Ln,m.
Proof. The set N p0,p1n,m of Ln,m is defined by the restrictions C
p0(g0) = 0 and
Cp1(g1) = 0, but these restrictions are polynomial equations of the structure con-
stants. Thus N p0,p1n,m is closed for the Zariski topology and it will have the structure
of an algebraic subvariety. We denote byN p0,p1n,m the corresponding affine variety. 
For simplicity we will refer to Nn,mn,m as Nn,m.
Proposition 4.5. Each component of Fn,m determines a component of Nn,m.
Proof. Fn,m=Nn,m −Nn−1,m−1n,m is a Zariski open subset of Nn,m. 
Corollary 4.5.1. For any g ∈ Fn,m the Zariski clousure of the orbit O(g), O(g)
Z
,
will be an irreducible component of Nn,m
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5. The class of filiform Lie algebras of order 3
Recall that the concept of filiform Lie algebras was firstly introduced in [22] by
Vergne. This type of nilpotent Lie algebra has important properties as it has been
seen in section above; in particular, every filiform Lie algebra can be obtained by
a deformation of the model filiform algebra Ln. In the same way as filiform Lie
algebras, all filiform Lie superalgebras can be obtained by infinitesimal deformations
of the model Lie superalgebra Ln,m [1], [6] and [12]. In this paper we generalize
this result in part, for filiform Lie algebras of order 3. In particular, for elementary
Lie algebras of order 3.
Next, we are going to generalize the concept of infinitesimal deformations for
elementary Lie algebras of order 3. For more details of deformations of elementary
Lie algebras of order 3 see [7]. Firstly we will start with a new concept called
pre-infinitesimal deformations.
Definition 5.1. Let g = g0 ⊕ g1 be an elementary Lie algebra of order 3 and
let A = (g0 ∧ g0) ⊕ (g0 ∧ g1) ⊕ S3(g1). The linear map ψ : A −→ g is called a
pre-infinitesimal deformation of g if it satisfies
µ ◦ ψ + ψ ◦ µ = 0
with µ representing the law of g.
If we consider the restrictions of µ and ψ to each of the terms of A, i.e. ψ =
ψ1 + ψ2 + ψ3 and µ = µ1 + µ2 + µ3 respectively, with
ψ1, µ1 : g0 ∧ g0 −→ g0,
ψ2, µ2 : g0 ∧ g1 −→ g1,
ψ3, µ3 : S
3(g1) −→ g0,
then the condition to be an infinitesimal deformation can be decomposed into 4
equations:
(1). µ1(ψ1(Xi, Xj), Xk) + ψ1(µ1(Xi, Xj), Xk) + µ1(ψ1(Xk, Xi), Xj)+
ψ1(µ1(Xk, Xi), Xj) + µ1(ψ1(Xj , Xk), Xi) + ψ1(µ1(Xj , Xk), Xi) = 0
(2). µ2(ψ1(Xi, Xj), Y ) + ψ2(µ1(Xi, Xj), Y ) + µ2(ψ2(Xj , Y ), Xi)+
ψ2(µ2(Xj , Y ), Xi) + µ2(ψ2(Y,Xi), Xj) + ψ2(µ2(Y,Xi), Xj) = 0
(3). µ1(X,ψ3(Yi, Yj , Yk)) + ψ1(X,µ3(Yi, Yj , Yk))− µ3(ψ2(X,Yi), Yj , Yk)−
ψ3(µ2(X,Yi), Yj , Yk)− µ3(Yi, ψ2(X,Yj), Yk)− ψ3(Yi, µ2(X,Yj), Yk)−
µ3(Yi, Yj , ψ2(X,Yk))− ψ3(Yi, Yj , µ2(X,Yk)) = 0
(4). µ2(Yi, ψ3(Yj , Yk, Yl)) + ψ2(Yi, µ3(Yj , Yk, Yl)) + µ2(Yj , ψ3(Yi, Yk, Yl))+
ψ2(Yj , µ3(Yi, Yk, Yl)) + µ2(Yk, ψ3(Yi, Yj , Yl)) + ψ2(Yk, µ3(Yi, Yj , Yl))+
µ2(Yl, ψ3(Yi, Yj , Yk)) + ψ2(Yl, µ3(Yi, Yj , Yk)) = 0
for all X,Xi, Xj , Xk ∈ g0 and Y, Yi, Yj , Yk, Yl ∈ g1.
Next, we are going to present the definition of infinitesimal deformations given
in [7], page 21.
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Definition 5.2. [7] Let g = g0 ⊕ g1 be an elementary Lie algebra of order 3 and
let A = (g0 ∧ g0) ⊕ (g0 ∧ g1) ⊕ S3(g1). The linear map ψ : A −→ g is called an
infinitesimal deformation of g if it satisfies
µ ◦ ψ + ψ ◦ µ = 0
and
ψ ◦ ψ = 0
with µ representing the law of g.
If we consider the restrictions of µ and ψ to each of the terms of A, i.e. ψ =
ψ1 + ψ2 + ψ3 and µ = µ1 + µ2 + µ3 respectively, then the condition to be an in-
finitesimal deformation can be decomposed into 8 equations: the four of being a
pre-infinitesimal deformation and the four equations that follow and that corre-
spond to the condition ψ ◦ ψ = 0
(1). ψ1(ψ1(Xi, Xj), Xk) + ψ1(ψ1(Xk, Xi), Xj) + ψ1(ψ1(Xj , Xk), Xi) = 0
(2). ψ2(ψ1(Xi, Xj), Y ) + ψ2(ψ2(Y,Xi), Xj) + ψ2(ψ2(Xj , Y ), Xi) = 0
(3). ψ1(X,ψ3(Yi, Yj , Yk))− ψ3(ψ2(X,Yi), Yj , Yk)− ψ3(Yi, ψ2(X,Yj), Yk)−
ψ3(Yi, Yj , ψ2(X,Yk)) = 0
(4). ψ2(Yi, ψ3(Yj , Yk, Yl)) + ψ2(Yj , ψ3(Yi, Yk, Yl)) + ψ2(Yk, ψ3(Yi, Yj , Yl))+
ψ2(Yl, ψ3(Yi, Yj , Yk)) = 0
Theorem 2. If ψ is a pre-infinitesimal deformation of a model filiform elementary
Lie algebra of order 3 law µ0 with ψ(X0, X) = 0 for all X ∈ µ0, then the law µ0+ψ
is a filiform Lie algebra of order 3 law iff ψ is an infinitesimal deformation.
Proof of the theorem. Let ψ be a pre-infinitesimal deformation of µ0, with µ0
a model filiform elementary Lie algebra of order 3. We have too that ψ(X0, X) =
0 ∀X ∈ µ0.
For obtaining the Jacobi identity, that is µ0 ◦µ0+µ0 ◦ψ+ψ ◦µ0+ψ ◦ψ = 0, as
µ0 represents a filiform elementary Lie algebra of order 3 it verifies µ0 ◦µ0 = 0 and
as ψ is a pre-infinitesimal deformation we have µ0 ◦ψ+ψ ◦µ0 = 0 and thus µ0 +ψ
verifies the Jacobi identity iff ψ ◦ ψ = 0, i.e. ψ is an infinitesimal deformation.
Thus, by using infinitesimal deformations of the associated model elementary
Lie algebra it can be obtained families of filiform elementary lie algebras of order
3.
Recall that µ0 is the law of the model filiform elementary Lie algebra of order 3.
Then, we denote by Z(µ0) the vector space composed by all the pre-infinitesimal
deformations of µ0, ψ, verifying that ψ(X0, X) = 0, ∀ X ∈ µ0. Next we will see that
this vector space can be seen as direct sum of three subspaces of pre-infinitesimal
deformations what facilities its study.
Proposition 5.3. Let Z(µ0) be the vector space composed by all the pre-infinitesimal
deformations of µ0 that vanish on the characteristic vector X0. Then, if we note
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by g0 ⊕ g1 the underlying vector space of µ0, i.e. g0 =< X0, X1, . . . , Xn > and
g1 =< Y1, . . . , Ym >, we have that
Z(µ0) = Z(µ0) ∩Hom(g0 ∧ g0, g0)⊕ Z(µ0) ∩Hom(g0 ∧ g1, g1)
⊕Z(µ0) ∩Hom(S3(g1), g0)
:= A⊕B ⊕ C
Proof. Let ψ be such that ψ ∈ Z(µ0). It is not difficult to see that ψ = ψ1+ψ2+ψ3
with ψ1 ∈ Hom(g0 ∧ g0, g0), ψ2 ∈ Hom(g0 ∧ g1, g1) and ψ3 ∈ Hom(S3(g1), g0).
In order to complete the proof it only remains to verify that each of the above
homomorphisms is also a pre-infinitesimal deformation.
As ψ = ψ1+ψ2+ψ3 is a pre-infinitesimal deformation it will verify the equations
of Definition 5.1. Taking into account the law of µ0 and that ψ(X0, X) = 0, these
equations remain as follows
(1). ψ1(Xj+1, Xk) + ψ1(Xj , Xk+1) + [ψ1(Xj , Xk), X0] = 0
(2.1). [ψ1(Xi, Xj), Yk] = 0, 1 ≤ i, j
(2.2). ψ2(Xj+1, Yk) + [ψ2(Xj , Yk), X0] + ψ2(Xj , Yk+1) = 0
(3.1). [Xl, ψ3(Yi, Yj , Yk)] = 0, 1 ≤ l
(3.2). [X0, ψ3(Yi, Yj , Yk)]−ψ3(Yi+1, Yj , Yk)−ψ3(Yi, Yj+1, Yk)−ψ3(Yi, Yj , Yk+1) = 0
(4). [Yi, ψ3(Yj , Yk, Yl)] + [Yj , ψ3(Yi, Yk, Yl)] + [Yk, ψ3(Yi, Yj , Yl)]+
[Yl, ψ3(Yi, Yj , Yk)] = 0
for all Xi, Xj , Xk, Xl ∈ g0 and Yi, Yj , Yk, Yl ∈ g1. From equations (2.1) and (3.1)
we can obtain that Imψ1 ⊂ 〈X1, . . .Xn〉 and Imψ3 ⊂ 〈X1, . . . Xn〉 respectively.
In fact, the ideal 〈X1, . . . Xn〉 := V0 is equal to its own centralizer in g0 and from
equations (2.1) and (3.1) we obtain that ψ1(Xi, Yj) and ψ3(Yi, Yj , Yk) centralize V0,
and are thus elements of V0. Then the equation (4) disappears, and each of the
remaining equations corresponds to the condition that has to verify each ψi for be
a pre-infinitesimal deformation. 
Remark 5.4. We note that if ψ is a pre-infinitesimal deformation of the model
filiform elementary Lie algebra of order 3, ψ = ψ1+ψ2+ψ3 ∈ Z(µ0), then Imψ3 ⊂
〈X1, . . . Xn〉, that is
ψ3 : S
3(g1) −→ g0/CX0
such that
[X0, ψ3(Yi, Yj , Yk)]−ψ3([X0, Yi], Yj , Yk)−ψ3(Yi, [X0, Yj ], Yk)−ψ3(Yi, Yj , [X0, Yk]) = 0
with 1 ≤ i ≤ j ≤ k ≤ m.
Then, as the vector space of pre-infinitesimal deformations called Z(µ0) is equal
to A⊕B⊕C we will restrict our study to each vector subspace. Of all of them, the
most important vector subspace will be C because any pre-infinitesimal
FILIFORM LIE ALGEBRAS OF ORDER 3 11
deformation ψ belonging to C verifies that ψ ◦ ψ = 0, i.e. ψ is an infini-
tesimal deformation. Thus, µ0 + ψ will be a filiform elementary Lie algebra of
order 3 with ψ ∈ C.
6. sl(2,C)-module Method
In this section we are going to explain the sl(2,C)-module method to compute
the dimensions of C.
Recall the following well-known facts about the Lie algebra sl(2,C) and its finite-
dimensional modules, see e.g. [2], [8]:
sl(2,C) =< X−, H,X+ > with the following commutation relations:

[X+, X−] = H
[H,X+] = 2X+,
[H,X−] = −2X−.
Let V be a n-dimensional sl(2,C)-module, V =< e1, . . . , en >. Then, up to isomor-
phism there exists a unique structure of an irreducible sl(2,C)-module in V given
in a basis e1, . . . , en as follows [2]:

X+ · ei = ei+1, 1 ≤ i ≤ n− 1,
X+ · en = 0,
H · ei = (−n+ 2i− 1)ei, 1 ≤ i ≤ n.
It is easy to see that en is the maximal vector of V and its weight, called the highest
weight of V , is equal to n− 1.
Let V0, V1, . . . , Vk be sl(2,C)-modules, then the space Hom(⊗
k
i=1Vi, V0) is a
sl(2,C)-module in the following natural manner:
(ξ · ϕ)(x1, . . . , xk) = ξ · ϕ(x1, . . . , xk)−
i=k∑
i=1
ϕ(x1, . . . , ξ · xi, xi+1, . . . , xn)
with ξ ∈ sl(2,C) and ϕ ∈ Hom(⊗ki=1Vi, V0).
An element ϕ ∈ Hom(V1⊗V1⊗V1, V0) is said to be invariant if X+ ·ϕ = 0, that
is
(6.0.1)
X+·ϕ(x1, x2, x3)−ϕ(X+·x1, x2, x3)−ϕ(x1, X+·x2, x3)−ϕ(x1, x2, X+·x3) = 0, ∀x1, x2, x3 ∈ V1.
Note that ϕ ∈ Hom(V1 ⊗ V1 ⊗ V1, V0) is invariant if and only if ϕ is a maximal
vector.
On the other hand, we are going to consider the model filiform elementary Lie
algebra of order 3 µ0 = g0 ⊕ g1 with basis {X0, X1, . . . , Xn, Y1, . . . , Ym}. By defi-
nition (see Remark 5.4) a pre-infinitesimal deformation ϕ belonging to C will be a
symmetric multi-linear map:
ϕ : S3(g1) −→ g0/CX0
such that
(6.0.2)
[X0, ϕ(Yi, Yj , Yk)]− ϕ([X0, Yi], Yj , Yk)− ϕ(Yi, [X0, Yj ], Yk)− ϕ(Yi, Yj , [X0, Yk]) = 0
with 1 ≤ i ≤ j ≤ k ≤ m.
12 R.M. NAVARRO
We are going to consider the structure of irreducible sl(2,C)-module in V0 =
〈X1, . . . , Xn〉 = g0/CX0 and in V1 = 〈Y1, . . . , Ym〉 = g1, thus in particular:

X+ ·Xi = Xi+1, 1 ≤ i ≤ n− 1,
X+ ·Xn = 0,
X+ · Yj = Yj+1, 1 ≤ j ≤ m− 1,
X+ · Ym = 0.
We identify the multiplication ofX+ andXi in the sl(2,C)-module V0 = 〈X1, . . . , Xn〉,
with the bracket [X0, Xi] in g0. Analogously, we identify X+ · Yj and [X0, Yj ].
Thanks to these identifications, the expressions (6.0.1) and (6.0.2) are equivalent,
so we have the following result:
Proposition 6.1. Any symmetric multi-linear map ϕ, ϕ : S3V1 −→ V0 will
be an element of C if and only if ϕ is a maximal vector of the sl(2,C)-module
Hom(S3V1, V0), with V0 = 〈X1, . . . , Xn〉 and V1 = 〈Y1, . . . , Ym〉.
Corollary 6.1.1. As each irreducible sl(2,C)-module has (up to nonzero scalar
multiples) a unique maximal vector, then the dimension of C is equal to the num-
ber of summands of any decomposition of Hom(S3V1, V0) into the direct sum of
irreducible sl(2,C)-modules.
Thanks to the symmetric structure of the weights, instead of to sum the maximal
vectors it is possible, and easier, to sum the vectors of weight 0 or 1.
Corollary 6.1.2. The dimension of C is equal to the dimension of the subspace of
Hom (S3V1, V0) spanned by the vectors of weight 0 or 1.
7. Computation of the dimension and a basis of Z(µ0) ∩Hom(S3g1, g0)
In this section we are going to apply the sl(2,C)-module method above to C =
Z(µ0) ∩Hom(S3g1, g0).
Firstly, we consider a natural basis B of Hom(S3g1, g0/CX0) consisting of the
following maps where 1 ≤ s ≤ n and 1 ≤ i, j, k, l, r, s ≤ m:
ϕsi,j,k(Yl, Yr, Ys) =
{
Xs if (i, j, k) = (l, r, s)
0 in all other cases
Thanks to Corollary 6.1.2 it will be enough to find the basis vectors ϕsi,j,k with
weight 0 or 1. The weight of an element ϕsi,j,k (with respect to H) is
λ(ϕsi,j,k) = λ(Xs)− λ(Yi)− λ(Yj)− λ(Yk) = 3m− n+ 2(s− i− j − k + 1).
In fact,
(H · ϕsi,j,k)(Yi, Yj , Yk) = H · ϕ
s
i,j,k(Yi, Yj , Yk)− ϕ
s
i,j,k(H · Yi, Yj , Yk)−
ϕsi,j,k(Yi, H · Yj , Yk)− ϕ
s
i,j,k(Yi, Yj , H · Yk)
= H ·Xs − ϕsi,j,k((−m− 1 + 2i)Yi, Yj , Yk)−
ϕsi,j,k(Yi, (−m− 1 + 2j)Yj , Yk)−
ϕsi,j,k(Yi, Yj , (−m− 1 + 2k)Yk)
= (−n− 1 + 2s)Xs − (−m− 1 + 2i)Xs−
(−m− 1 + 2j)Xs − (−m− 1 + 2k)Xs
= [3m− n+ 2(s− i− j − k + 1)]Xs
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Remark 7.1. If m− n is even then λ(ϕ) is even, and if m− n is odd then λ(ϕ) is
odd. So, if m−n is even it will be sufficient to find the elements ϕsi,j,k with weight
0 and if m− n is odd it will be sufficient to find those of them with weight 1.
In order to find the elements with weight 0 or 1, we can consider the four se-
quences that correspond with the weights of V1 =< Y1, Y2, . . . , Ym−1, Ym > (con-
sidered three times) and V0 =< X1, X2, . . . , Xn−1, Xn >:
−m+ 1,−m+ 3, . . . ,m− 3,m− 1;
−m+ 1,−m+ 3, . . . ,m− 3,m− 1;
−m+ 1,−m+ 3, . . . ,m− 3,m− 1;
−n+ 1,−n+ 3, . . . , n− 3, n− 1.
We shall have to count the number of all possibilities to obtain 1 (if m−n is odd)
or 0 (if m− n is even). Remember that λ(ϕsi,j,k) = λ(Xs)− λ(Yi)− λ(Yj)− λ(Yk),
where λ(Xs) belongs to the last sequence, and λ(Yi), λ(Yj), λ(Yk) belong to the
first, second and third sequences respectively.
For example , if m − n is even we have to obtain 0, so we can fix an element
(a weight) of the last sequence and then to count the possibilities to sum the same
quantity between the three first sequences, taking into account also the symmetry
of ϕsi,j,k. In particular, we will apply this procedure to the cases m = 3 and odd n.
Thus we have
Theorem 3. If C = Z(µ0)∩Hom(S3g1, g0) and m = 3 and n is odd, then we have
the following values for the dimension of C
dim C =


2 if n = 1
6 if n = 3
8 if n = 5
10 if n = 2k + 1, k ≥ 3
7.2. Basis.
In this section we are going to calculate a basis of C with m = 3 and odd
n. Firstly, we are going to introduce a simpler weight of an element ϕ ∈ C. It
corresponds to the action of the diagonalizable derivation d, d ∈ Der(µ0), defined
by:
d(X0) = X0, d(Xi) = iXi, d(Yj) = jYj ; 1 ≤ i ≤ n, 1 ≤ j ≤ m.
This weight will be denoted by p(ϕ). We have that
p(ϕsi,j,k) = s− i− j − k.
We have the following relationships between the two weights:
λ(ϕ) = 2p(ϕ) + 3m− n+ 2,
p(ϕ) = 12 (λ(ϕ) − 3m+ n− 2).
It is clear that two ϕ with different weights p they will be linearly independents.
Next, we are going to define some symmetric maps ϕ and so we will consider
ϕ(Yi, Yj , Yk) with i ≤ j ≤ k and for any other reordering of the vectors, ϕ will have
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the same value by symmetry. Thus, let ϕ1,s and ϕ3,s be elements of Hom(S
3V1, V0)
with weights p(ϕ1,s) = s− 3 and p(ϕ3,s) = s− 5, and defined by
ϕ1,s =:
{
ϕ1,s(Y1, Y1, Y1) = Xs
ϕ1,s(Y1, Y1, Y3) = 0
ϕ3,s =:
{
ϕ3,s(Y1, Y1, Y3) = Xs
ϕ3,s(Y1, Y1, Y1) = 0
with 1 ≤ s ≤ n and satisfying the equations
(7.2.1) [X0, ϕ(Yi, Yj , Yk)] = ϕ(Yi+1, Yj , Yk) + ϕ(Yi, Yj+1, Yk) + ϕ(Yi, Yj , Yk+1),
with 1 ≤ i ≤ j ≤ k ≤ 3 and i, j 6= 3.
Thanks to the equations (6.0.2) we observe that neither ϕ1,s nor ϕ3,s are always
elements of C. In particular, they will be elements of C if and only if they satisfy
the equations
[X0, ϕ(Yi, Y3, Y3)] = ϕ(Yi+1, Y3, Y3), with 1 ≤ i ≤ 3.
By induction it can be proved the following formula for ϕ1,s and ϕ3,s:
ϕ1,s =


ϕ1,s(Y1, Y1, Y1) = Xs
ϕ1,s(Y1, Y1, Y2) =
1
3Xs+1
ϕ1,s(Y1, Y2, Y2) =
1
6Xs+2
ϕ1,s(Y2, Y2, Y2) =
1
6Xs+3
ϕ1,s(Y2, Y2, Y3) =
1
18Xs+4
ϕ1,s(Y1, Y3, Y3) = −
1
18Xs+4
ϕ1,s(Y2, Y3, Y3) =
1
36Xs+5
ϕ1,s(Y3, Y3, Y3) =
1
36Xs+6
ϕ3,s =


ϕ3,s(Y1, Y1, Y3) = Xs
ϕ3,s(Y1, Y2, Y2) = −
1
2Xs
ϕ3,s(Y1, Y2, Y3) =
1
2Xs+1
ϕ3,s(Y2, Y2, Y2) = −
3
2Xs+1
ϕ3,s(Y2, Y2, Y3) = −
1
2Xs+2
ϕ3,s(Y1, Y3, Y3) = Xs+2
ϕ3,s(Y2, Y3, Y3) = −
1
4Xs+3
ϕ3,s(Y3, Y3, Y3) = −
1
4Xs+4
where ϕ1,s(Y3, Y3, Y3) and ϕ3,s(Y3, Y3, Y3) have been completed in a natural way
from ϕ1,s(Y2, Y3, Y3) and ϕ3,s(Y2, Y3, Y3) respectively. Also, we supose that if s+i >
n then Xs+i = 0.
Proposition 7.3. The symmetric multi-linear maps ϕ1,s and ϕ1,s defined above
are elements of C iff
p(ϕ1,s) = s− 3 ≥ n− 7 and p(ϕ3,s) = s− 5 ≥ n− 7
Proof. We only have to check whether ϕ1,s and ϕ3,s satisfy or not the equations
[X0, ϕ(Yi, Y3, Y3)] = ϕ(Yi+1, Y3, Y3), with 1 ≤ i ≤ 3.
If p(ϕ1,s) = n − 7, then s = n − 4 and ϕ1,n−4(Y1, Y3, Y3) = −
1
18Xn. Thus,
ϕ1,n−4(Y2, Y3, Y3) = ϕ1,n−4(Y3, Y3, Y3) = 0 which clearly satisfy the above equa-
tions. If p(ϕ1,s) > n−7, then ϕ1,s(Y1, Y3, Y3) = ϕ1,s(Y2, Y3, Y3) = ϕ1,s(Y3, Y3, Y3) =
0 and also satisfies the above equations.
If p(ϕ1,s) < n− 7, then ϕ1,s(Y1, Y3, Y3) = −
1
18Xs+4 and ϕ1,s(Y2, Y3, Y3) =
1
36Xs+5
with s+ 5 ≤ n. But from the equation
[X0, ϕ1,s(Y1, Y3, Y3)] = ϕ1,s(Y2, Y3, Y3)
we would have that − 118 =
1
36 which clearly constitutes a contradiction. Analo-
gously, it can be proved the result for ϕ3,s. 
Proposition 7.4. Let ϕ ∈ C with weight p = p(ϕ) ≤ n− 8. Then
ϕ = a1ϕ1,p+3 + a3ϕ3,p+5
for some numbers ak.
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Proof. Let ϕ ∈ C an infinitesimal deformation with weight p. Then ϕ(Y1, Y1, Y1) =
a1Xp+3 and ϕ(Y1, Y1, Y3) = a3Xp+5. We are going to consider the difference
Ψ = ϕ− a1ϕ1,p+3 + a3ϕ3,p+5
It is easy to check that Ψ is a symmetric multi-linear map such that
Ψ(Y1, Y1, Y1) = Ψ(Y1, Y1, Y3) = 0.
As ϕ1,s and ϕ3,s satisfy the equations (7.2.1) Ψ satisfies them too, it is not difficult
to see that Ψ vanishes which proves the result. 
Without lose of generality we can consider a1 = 1, then we have
Proposition 7.5. If we define ϕ1,3,s by ϕ1,3,s = ϕ1,s + Aϕ3,s+2 and we consider
p = s− 3 ≤ n− 8, then ϕ1,3,s is an infinitesimal deformation of C iff A =
1
15 and
p ≥ n− 9.
Proof. As ϕ1,s and ϕ3,s satisfy the equations (7.2.1), ϕ1,3,s satisfies them too. On
the other hand, by construction ϕ1,s and ϕ3,s verify too the equation
[X0, ϕ(Y2, Y3, Y3)] = ϕ(Y3, Y3, Y3)
and so ϕ1,3,s. Thus, ϕ1,3,s will be an infinitesimal deformation belonging to C iff
it verifies the equation
[X0, ϕ1,3,s(Y1, Y3, Y3)] = ϕ1,3,s(Y2, Y3, Y3)
which leads to − 118 + A =
1
36 −
A
4 , that is A =
1
15 . Finally, as ϕ1,3,s(Y3, Y3, Y3) =
1
90Xs+6 for not to obtain a contradiction it is necessary that s + 6 = p + 9 ≥
n. In fact, if s + 6 < n then [X0, ϕ1,3,s(Y3, Y3, Y3)] = 0 =
1
90Xs+7 which is a
contradiction. 
Remark 7.6. From now on, we will consider A = 115 and thus ϕ1,3,s would be
ϕ1,3,s =


ϕ1,3,s(Y1, Y1, Y1) = Xs, ϕ1,3,s(Y1, Y1, Y3) =
1
15Xs+2
ϕ1,3,s(Y1, Y1, Y2) =
1
3Xs+1, ϕ1,3,s(Y1, Y2, Y2) =
2
15Xs+2
ϕ1,3,s(Y2, Y2, Y2) =
1
15Xs+3, ϕ1,3,s(Y1, Y2, Y3) =
1
30Xs+3
ϕ1,3,s(Y2, Y2, Y3) =
1
45Xs+4, ϕ1,3,s(Y1, Y3, Y3) =
1
90Xs+4
ϕ1,3,s(Y2, Y3, Y3) =
1
90Xs+5, ϕ1,3,s(Y3, Y3, Y3) =
1
90Xs+6
Thanks to the precedent results we can give a basis of C.
Theorem 4. If C = Z(µ0)∩Hom(S
3g1, g0) and m = 3 and n is odd, then we have
the following vector basis of C
• {ϕ1,1, ϕ3,1} if n = 1
• {ϕ1,3, ϕ1,2, ϕ1,1, ϕ3,3, ϕ3,2, ϕ3,1} if n = 3
• {ϕ1,5, ϕ1,4, ϕ1,3, ϕ1,2, ϕ1,1, ϕ3,5, ϕ3,4, ϕ3,3} if n = 5
• {ϕ1,n, ϕ1,n−1, ϕ1,n−2, ϕ1,n−3, ϕ1,n−4, ϕ3,n, ϕ3,n−1, ϕ3,n−2, ϕ1,3,n−5, ϕ1,3,n−6}
if n ≥ 7
16 R.M. NAVARRO
Remark 7.7. As we have already noted before, for any ψ ∈ C we will have a filiform
elementary Lie algebra of order 3: µ0 + ψ.
8. Others families of Filiform elementary Lie algebras of order 3
In this section we are going to give some others families of filiform elementary
Lie algebras of order 3 by considering families of infinitesimal deformations ψ.
To find infinitesimal deformations we search in those pre-infinitesimal deforma-
tions of type C. Thus, we consider a family of maps, {ψ}k with k ≥ 1 that verifies:
ψk(Yk, Ym, Ym) = X1 and ψk(Yi, Yj , Yl) = 0, ∀ (i, j, l) / (i, j, l) ≤ (k,m,m)
with ≤ the lexicographic order. As ψ is symmetric we consider i ≤ j ≤ k and any
other reordering will have the same value by symmetry.
By applying the conditions to be an infinitesimal deformation, i.e.
[X0, ψk(Yi, Ym, Ym)] = ψk(Yi+1, Ym, Ym), k ≤ i ≤ m− 1
we have the final expression for {ψ}k with k ≥ 1:
ψk =


ψk(Yk+i, Ym, Ym) = X1+i 0 ≤ i ≤ min{n− 1,m− k}
ψk(Yi, Yj , Yl) = 0 in any other case
Therefore we have the following Proposition
Proposition 8.1. The family of elementary Lie algebras of order 3, in Ln,m, that
follows
{µ0 + ψk}k 1 ≤ k ≤ m
is a family of filiform elementary Lie algebras of order 3.
Remark 8.2. Recall the expression of the model filiform elementary Lie algebra
of order 3, µ0, that is the simplest filiform elementary Lie algebra. It is defined
in an adapted basis {X0, X1, . . . Xn, Y1, . . . , Ym} by the following non-null bracket
products {
[X0, Xi] = Xi+1, 1 ≤ i ≤ n− 1
[X0, Yj ] = Yj+1, 1 ≤ j ≤ m− 1
and note that in the Proposition above we always have n > 1, that is, g0 =<
X0, X1, . . .Xn > is an authentic filiform Lie algebra, because for n ≤ 1 g0 is an
abelian Lie algebra.
Next, we present another family of infinitesimal deformations integrable of µ0,
ψt. Then µ0 + ψt will be a family of filiform elementary Lie algebras.
Proposition 8.3. The family of elementary Lie algebras of order 3, in Ln,m with
n ≥ m, that follows
{µ0 + ψt}t n−m ≤ t ≤ n
with
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ψt =


ψt(Y1, Y1, Y1) = 3Xt
ψt(Y1, Y1, Y1+i) = Xt+i 1 ≤ i ≤ n− t
ψt(Yi, Yj , Yl) = 0 in any other case
is a family of filiform elementary Lie algebras of order 3.
References
1. M. Bordemann,J.R. Go´mez, Yu.Khakimdjanov, R.M. Navarro, Some deformations of nilpo-
tent Lie superalgebras.
Journal of Geometry and Physics 57 (2007) 1391-1403.
2. N. Bourbaki, Groupes et alge`bres de Lie.
Chap. 7-8; Hermann, Paris (1975).
3. R. Campoamor-Stursberg and M. Rausch de Traubenberg, Color Lie algebras and Lie algebras
of order F .
Journal of Generalized Lie Theory and Applications, Vol 3 (2009), No. 2, 113-130.
4. J.A. de Azcarraga and A.J. Macfarlane, Group theoretical foundations of fractional super-
symmetry.
J. Math. Phys. 37, 1115 (1996).
5. R.S. Dunne, A.J. Macfarlane, J.A. de Azcarraga and J.C. Perez Bueno, Supersymmetry form
a braide point of view.
Phys. Lett. B387, (1996) 294-299.
6. J.R. Go´mez, Yu. Khakimdjanov, R.M. Navarro, Infinitesimal deformations of the Lie super-
algebra Ln,m.
Journal of Geometry and Physics 58(2008) 849-859.
7. M. Goze, M. Rausch de Traubenberg and A. Tanasa, Poincare´ and sl(2) algebras of order 3.
J. Math. Phys., 48 (2007), 093507.
8. James E. Humphreys, Introduction to Lie Algebras and Representation Theory.
Springer-Verlag New York 1987.
9. Kerner, Richard, Z3-graded algebras and the cubic root of the supersymmetry translations.
J. Math. Phys. 33 (1992), no. 1, 403-411.
10. V.G. Kac, Lie Superalgebras.
Advances in Mathematics 26, 8-96 (1977).
11. Yu. Khakimdjanov, R.M. Navarro, Deformations of filiform Lie algebras and superalgebras.
Journal of Geometry and Physics 60(2010) 1156-1169.
12. Yu. Khakimdjanov, R.M. Navarro, A complete description of all the infinitesimal deforma-
tions of the Lie superalgebra Ln,m.
Journal of Geometry and Physics 60(2010) 131-141.
13. Yu. Khakimdjanov, R.M. Navarro, Filiform color Lie superalgebras.
Journal of Geometry and Physics 61(2011) 8-17.
14. Yu. Khakimdjanov, R.M. Navarro, Integrable deformations of nilpotent color Lie superalge-
bras.
Journal of Geometry and Physics 61 (2011), pp. 1797-1808.
15. Yu. Khakimdjanov, R.M. Navarro, Corrigendum to “Integrable deformations of nilpotent color
Lie superalgebras”[J.Geom.Phys.61(2011)1797-1808]
Journal of Geometry and Physics 62 (2012) 1571.
16. N. Mohammedi, G. Moultaka, and M. Rausch de Traubenberg, Field theoretic realizations for
cubic supersymmetry
Int. J. Mod. Phys. A, 19 (2004), 5585-5608.
17. G. Moultaka, M. Rausch de Traubenberg and A. Tanasa, Cubic supersymmetry and Abelian
gauge invariance
Int. J. Mod. Phys. A, 20 (2005), 5779-5806.
18. D. Piontkovski, S.D. Silvestrov, Cohomology of 3-dimensional color Lie algebras.
J. Algebra 316 (2007), no. 2, 499-513.
18 R.M. NAVARRO
19. M. Scheunert, The Theory of Lie Superalgebras.
Lecture Notes in Math. 716 (1979).
20. M. Rausch de Traubenberg and M.J. Slupinski, Fractional supersymmetry and Fth-roots of
representations.
J. Math. Phys., 41 (2000), 4556-4571.
21. M. Rausch de Traubenberg and M.J. Slupinski, Finite-dimensional Lie algebras of order F.
J. Math. Phys., 43 (2002), 5145-5160.
22. M. Vergne, Cohomologie des alge`bres de Lie nilpotentes. Application a` l’e´tude de la varie´te´
des alge`bres de Lie nilpotentes.
Bull. Soc. Math. France. 98, 81-116 (1970).
Rosa Mar´ıa Navarro.
Dpto. de Matema´ticas, Universidad de Extremadura, Ca´ceres (Spain)
E-mail address: rnavarro@unex.es
